A HOMOLOGICAL DIMENSION RELATED TO AB RINGS 
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Abstract. There are many homo-logical dimensions which are closely 
related to ring theoretic properties. The notion of a AB ring has been 
introduced by Huneke and Jorgensen. It has nice homological proper- 
ties. In this paper, we shall define a homological dimension which is 
closely related to a AB ring, and investigate its properties. 



1. Introduction 

Throughout this paper, let R be a commutative noetherian local ring with 
maximal ideal m and residue held k. We denote by modi? the category 
of hnitely generated i?-modules. All modules considered in this paper are 
assumed to be hnitely generated. 

In commutative ring theory, there are important ring theoretic properties 
P with implications below: 

P : regular => complete intersection => Gorenstein => Cohen-Macaulay. 

Related to these properties, there are homological dimensions P-dim^ M 
for i?-modules M with following: 

V-dim R M : pd R M > Cl-dimij M > G-dim B M > CM-dimR M. 

The relationship between a ring theoretic property P and a related ho- 
mological dimension P-dim^ is the following (c.f. [4, 5, 20] for the regular 
property, [9] for the complete intersection property, [3] for the Gorenstein 
property and [13] for the Cohen-Macaulay property, and see also [8]): 

Proposition 1.1. (1) The following conditions are equivalent. 

(i) R satisfies property P. 

(ii) P-dim^M < oo for every R-module M. 

(iii) P-dirriR k < oo. 

(2) Let M be a nonzero R-module. IfW-dimuM < oo, then P-dim^ M — 
depth R - depth M. 

We say that an R- module M satishes Auslander condition (AC) if there 
exists an integer d such that Ext^ d (M, N) = for all i?-modules N with 
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Extfl (M, N) = 0. We say that R is an A C ring if every i?-modules satisfies 
(AC). The notion of a AB ring has been introduced by Huneke and Jorgensen 
[16]. They define an AB ring as a Gorenstein AC ring. They proved that 
every complete intersection is AB. 

In this paper, we shall define AB-dimension which satisfies the following 
properties. 

Theorem 1.2. (1) The following conditions are equivalent. 

(i) R is an AB ring. 

(ii) AB-dim/? M < oo for every R-module M . 

(iii) AB-dim^L < oo for every R-module L of finite length. 

(iv) R is Gorenstein and the class AB of mod R consisting of all modules 
of finite AB-dimension is closed under extension. 

(2) Let M be a nonzero R-module. 

(i) 7/AB-dim fl M < oo, then AB-dim^M = depth R - depth M. 

(ii) Cl-dim^ M > AB-dim fl M > G-dim fl M. 

In representation theory of finite dimensional algebras, there are many 
homological conjectures. The Auslander condition is closely related to these 
conjectures (see [14]). The Auslander- Reiten conjecture (ARC) below is one 
of these conjectures. 

(ARC) Let R be a (not necessarily commutative) noetherian ring and M be 
a finitely generated i?-module. If Ext^°(M, M®R) = 0, then M is projective. 

Christensen and Holm [12] proved that a (not necessarily commutative) 
AC ring satisfies (ARC) . In the end of this paper, we will prove the following 
theorem. 

Theorem 1.3. Let M be an R-module which has finite AB-dimension. Lf 
Ext^°(M, M) = 0, then M is free. 

2. AB-DIMENSION 

In this section, we shall define AB-dimension and investigate some proper- 
ties. 

Let M be an i?-module. Let 

► F n % F„_i -> ► Fi % F M 

be a minimal free resolution of M. The nth syzygy module £l n M of M is 
defined as the image of the map d n . We denote the first syzygy module OM 
for simple. Note that the nth syzygy module is uniquely determined up to 
isomorphism. 

We recall the definition of G-dimension. 

Definition 2.1. [3] Let M be an i?-modulc. M is called totally reflexive 
if M = M** and if Ext^°(M,R) = Ext^°(M*,i?) = 0. Here, (-)* = 
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Hom^(— , i?). We say that the G-dimension of M is at most n if the nth 
syzygy module 0™M is totally reflexive. 

We give some notations to define an AB-dimension. 

Definition 2.2. Let M be an i?-modules. 

(1) For an i?-module N, we set P R (M,N) := sup{ n | Ext R (M, N) ^ }. 

(2) We denote by M 1 - the full sub category of modi? consisting of all R- 
modules N with Extf °(M, N) = 0. 

(3) We set P R (M) := sup{ P R (M,N) \ N e M 1 - }. 

(4) We define AB-dim fl M := sup{ G-dim fl M, P R (M) }. 

There are some remarks. 

Remark 2.3. (f) If pd R M < oo, then M x = modi?. For any nonzero 
R- module N, one can check that P R (M, N) = pd R M = depth i? - 
depth M by Nakayama's lemma (c.f. [1, Theorem 4.2]). Therefore we 
have P R (M) = depth i? - depth M. 

(2) Let — > Mi — > M 2 — > M 3 — > be an exact sequence and let I) be a 
permutation of (1, 2, 3). Then one can easily check M z - n Mj- C M l In 
particular, if pd^M^ < oo, then Mj- = M^. 

(3) If either M or JV is zero, then { n \ Ext R (M,N) ^ } is empty. In 
this case, we define P R (M, N) = — oo. In particular, P_r(0) is — oo. If 
M 1 - = {0}, then P R (M) is also -oo. 

(4) If there exists a nonzero R- module N in fc- 1 , then N has finite injective 
dimension and therefore i? must be Cohen-Macaulay by Bass' conjecture 
[18, 15, 19]. Thus if i? is not Cohen-Macaulay, then we have P_R(fc) = — oo. 
On the other hand, if i? is Cohen-Macaulay, then there exists nonzero 
i?-modulc I of finite injective dimension. Since P R (M, I) — depth i? — 
depth M for any nonzero i?-module M (c.f. [10, Exercises 3.1.24]), we 
have P R (M) > depth i? - depth M > and P R {k) = depth R. In both 
case, we see that the residue field k always satisfies (AC). Therefore we 
have AB-dim/f k < oo if and only if i? is Gorenstein. 

Let M be an i?-module. If G-dim^M < oo, then there exist following 
exact sequences which are called Cohen-Macaulay approximation and finite 
projective hull respectively (c.f. [6, Theorem 1.1]): 

->• Y M -> X M M -> 0, 

-> M Y M -> X M 0, 

where Ym and F M have finite projective dimensions, and Xm and X M are 
totally reflexive. 

Lemma 2.4. Let — > Mi — >• M2 — > M3 — > be an exact sequence and let (i, j, I) 
be a permutation of (1,2,3). Assume pd R Mi < 00. Then P R (Mj) < 00 if 
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and only if P R {Mi) < oo. In particular, let — > Ym — > Xm — > M — > and 
— >■ M — > Y M — > A M — > &e a Cohen- Macaulay approximation and a finite 
projective hull respectively respectively, then the finiteness of AB-dimension 
of Xm, AB-dimension of M and AB-dimension of X M are coincide. 

Proof. Assume P R (Mf) < oo. Note that Mf = Mj 1 by Remark 2.3.(2). Let 
N be a nonzero i?-modulc in Mr 1 . Note that P R (M i7 N) = pd R M l < oo by 
Remark 2.3.(1). Applying Hom R (-,N) to ^ Mi -> M 2 ->• M 3 -> 0, we 
have P R {M h N) < max{ P fl (M,, N) + 1, P fl (M,-, AT) + 1 } < max{ pd fl Mi + 
l,P fl (M,) + 1 }. This yields P fl (M;) < max{ pd R M, + l,P R (Mj) + 1 } < 
oo. □ 

The following gives a more strong statement than Theorem 1.2.(2).(i). 

Lemma 2.5. Let M and N be nonzero R-modules. Assume AB-dim^ M < 
oo. IfP R (M,N) <oo, then P R (M, N) = depth R — depth M. 

Proof. Put t = depth i?-depthM. Since G-dim K M = t, we have P R (M, R) = 
t. lit < P R (M,N), then we have P R (M,fl n N) = P R (M,N) + n < oo for 
every n > 0. This contradicts to P R (M) < oo. Thus P R (M, N) < t. 

If t = 0, then < Pjj(M, TV) < f = 0. Assume t > 0. Let M -> F M 
A M — > be a finite projective hull of M. By depth lemma, we see depth Y M = 
depth M. Since pd fl F M < oo, we have P R (Y M , N) = pd R Y M = t < oo. It 
follows from Lemma 2.4, AB-dim^ X M < oo. Since depth X M — depth R, we 
have P R {X M , N) = 0. Applying Hom fl (-, N) to -> M -> F M -> A M -> 0, 
we get P fl (M, AT) = i. □ 

Now we can prove Theorem 1.2.(2). 

Proof of Theorem 1.2.(2). (i) is clear by Lemma 2.5. To prove (ii), we assume 
el-dim^ M < oo. We remark that it is enough to show AB-dim^ M < oo 
by (i). It comes from [9, Theorem (1.4)], we have G-diniRM < oo. For any 
nonzero i?-module N with P R (M, N) < oo, we have P R (M, N) = depth R - 
depthM by [1, Theorem 4.2]. This yields P R (M) = depthi? - depth M < oo 
and we see AB-dim^ M < oo. □ 

We give some fundamental properties of AB-dimension. 

Proposition 2.6. Let M be a nonzero R-module. The followings hold: 

(1) AB-dimfl OM = sup{AB-dim fl M - 1, 0}. 

(2) AB-dim^ M/xM = AB-dim fl M + 1 for any M -regular element x G m. 

(3) AB-dim R / xR M/xM = AB-dim^M for any M- and R-regular element 
x e m. 

Proof. We remark that Auslander and Bridger [3] proved each equalities for 
G-dimension. Thus we may assume G-dim^ M < oo. In this situation, it is 
enough to show that we only check the Auslander condition (AC). 
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(1) and (2) are Trivial. Indeed, for any i?-module N, we can check that 
P R (SIM,N) = sup{P fl (M,iV) - 1,0} and P R (M/xM,N) = P R (M,N) + 1 
respectively. 

To show (3), we assume P R (M) < oo. Note that P R (M/xM) < oo 
by (2). Let N be an i?/xi?-module with P R/xR (M/xM,N) < oo. Then 
Pr/ x r(M/xM,N) = P R (M/xM,N) - 1 (see [1, Lemma 2.6]). This yields 
P R/xR {M/xM) = P R (M/xM) - 1< oo. 

Conversely, assume P R / xR {M/xM) < oo. Let N be an i?-module with 
P R (M,N) <oo. 

If x is an A-regular element, then we can see P R (M, N) = P R (M, N/xN) 
by Nakayama's lemma. Since x is an M-regular element, there are isomor- 
phisms Ext R (M,N/xN) Ext R/xR (M/xM,N/xN) for all i > 0. Thus 
we have equalities P R (M,N) = P R (M,N/xN) = P R/xR (M/xM, N/xN) = 
P R / xR (M/xM) = depth R/xR - depth M/xM = depth R - depth M by 
Lemma 2.5. 

If x is not an N- regular element, then TV is not free. Note that x is an QN- 
regular element. It comes from above argument, P R {M, flN) — depth R — 
depth M. Since P R (M,R) = depth R - depth M, we have P R (M,N) < 
depth R - depth M. 

Hence we get P R (M) < oo. □ 

Now we can prove the Theorem 1.2.(1). 

Proof of Theorem 1.2.(1). (i) <==^ (ii): Obvious by definition. 
(i)(,(ii)) => (iv) is trivial. 

(iv) => (iii): Since R is Gorenstein, we have k G AB by Remark 2.3.(4). 
Therefore AB contains all i?-modules of finite length by the assumption. 

(iii) =>■ (ii): Since G-diniR k < oo, R must be Gorenstein. Note that every 
maximal Cohcn-Macaulay i?-module has finite AB-dimension. Namely, let 
X be a maximal Cohen-Macaulay i?-module and let xi,X2, • ■ • ,Xt £ m be a 
maximal X-regular sequence. Since AB-dim^ X/(x\, Xi, ■ ■ ■ , x t )X < oo by 
the assumption, we have AB-dim^X < oo by Proposition 2.6.(2). Therefore 
every maximal Cohen-Macaulay R- module satisfies (AC). 

Let M be an i?-module which is not maximal Cohen-Macaulay, and let 
— > Ym —> Xm — >• M — > be a Cohen-Macaulay approximation of M. Since 
AP>-dira R XM < oo, we have AB-dim^M < oo by Lemma 2.4. □ 

The following is an example which does not satisfy the equality of Theorem 
1.2.(2).(ii). This example is given by Jorgensen and §ega [17]. 

Example 2.7. Let k be a field and let a G k be a nonzero element. 
Put R — k{xi,X2,X3, X4]//, where / is a ideal of R generated by 

CHX1X3 + X 2 X 3 , X1X4 + X2X4, X3X4, x\, x\, X3, x\ 
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Consider the sequence 

C di+ \ R 2 di > R 2 di ~> R 2 di ~> 

where d{ be a matrix ^ ^ a *^ 3 ^ over i?. We put M = Coker d\ . 

Jorgensen and §ega [17, Lemma 2.2] prove that C is a complete resolution 
of M and therefore M is totally reflexive. Furthermore, if a is not a root 
of unity, then they [17, Proposition 3.2(b)] give an i?-modulc T q for every 
positive integer q such that Ext^(M, T q ) ^ if and only if i = 0, q — 1, q. This 
yields that M does not satisfy (AC). In particular, we have AB-dim^ M = 
oo > = G-dim fl M. 

On the other hand, we assume that a is a primitive nth root of unity. In this 
case, M is a periodic module of period n (i.e. Q™M = M). For any N 6 M 1 - 
and any positive integer i, Ext R (M, N) = Ext R (n n M, N) = Ext l i +"(M, N) = 
Ext^ 2 "(M, N) = ... = Ext^"(M, N) = for i + jn > P R (M, N). Thus we 
have P R (M,N) = and AB-dim^M = 0. 

By Theorem 1.3, we can see that the Auslandcr condition (AC) is closely 
related to the Auslander-Reiten conjecture. Now, we shall show Theorem 1.3. 

Proof of Theorem 1.3. Assume that M is not free. Since there exists a 
nonsplit exact sequence — > OM — > F — > M — > 0. In particular, we see 
Ext R (M, OM) ^ 0. On the other hand, we have P R (M, M) = P R (M, R) = 
by assumption and Lemma 2.5. Therefore we have P R (M, VIM) = by 
Lemma 2.5. In particular, Ext R (M,flM) = 0. This is contradiction. There- 
fore M is free. □ 

In the end of this paper, we give a corollary of this theorem. 

Corollary 2.8. Let M be an R-module which has finite AB- dimension. If 
Ext^°(M, M) = 0, then pd R M < oo. 

Proof. We put t = depth R - depth M and M' = 0*M. Then we see 
AB-dirriRM' = by Proposition 2.6.(1) and Theorem 1.2.(2). (i). Since we 
can check that Extf °(M',M') = 0, we have Ext^°(M',M') = by Lemma 
2.5. Therefore M' is free by Theorem 1.3 and we have pd^ M — t < oo. □ 
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